In a previous paper [1], we have discussed the non-perturbative tuning of the chirally rotated Schrödinger functional (χSF). This tuning is required to eliminate bulk O(a) cutoff effects in physical correlation functions. Using our tuning results obtained in [1] we perform scaling and universality tests analyzing the residual O(a) cutoff effects of several step-scaling functions and we compute renormalization factors at the matching scale. As an example of possible application of the χSF we compute the renormalized strange quark mass using large volume data obtained from Wilson twisted mass fermions at maximal twist.
Introduction
The Schrödinger functional (SF) scheme [2, 3, 4] has been widely employed for performing non-perturbative renormalization and scaling studies. For an incomplete list of references see [5, 6, 7, 8, 9, 10, 11, 12, 13] .
It is not straightforward to implement a Schrödinger functional (SF) scheme that retains the property of automatic O(a) improvement [14] for massless Wilson fermions. A solution to this problem has been proposed recently by Sint [15] , called the chirally rotated Schrödinger functional (χSF). In refs. [16, 17, 18] preliminary studies of the χSF were presented and, recently in a companion paper [1] , we have performed a detailed study of the non-perturbative tuning of the χSF in a quenched setup. To retain the property of bulk automatic O(a) improvement, two parameters of the lattice action, one denoted by z f and the other, the usual hopping parameter κ, have to be tuned non-perturbatively to their critical values.
In ref. [1] we have defined a tuning procedure and we have found that the tuning of z f and κ is numerically feasible with standard techniques. We have found that several different tuning conditions lead to fully compatible results for all physical correlation functions and we have also numerically checked that in the continuum limit the correct boundary conditions, i.e. the boundary conditions needed to have bulk automatic O(a) improvement, are recovered.
The χSF, being compatible with automatic O(a) improvement, can hence be used for renormalizing bare operators computed with Wilson twisted mass fermions at maximal twist [19] and the computation of operator specific improvement coefficients can be avoided. In this paper we want to demonstrate this explicitly for the particular case of a twist-2 operator. Additionally, we discuss the application of the χSF scheme for the renormalization of quark masses.
The computation of such quantities allows us to perform a test of the universality of the continuum limit of lattice QCD and, as a result, to confirm the correctness of the continuum limit of the novel χSF scheme itself. The latter can be achieved by comparing the continuum limit values of the computed quantities in the χSF formulation to those values obtained using the standard version of the SF. Since, as discussed in ref. [15, 1] , the SF and the χSF are the same formulations in the continuum, the final results in the continuum limit, as obtained from the two formulations, should be exactly the same given a common choice of a renormalization prescription.
The paper is organized as follows. We discuss the continuum limit of the step-scaling function (SSF) of the pseudoscalar density, σ P , in sect. 2 and of the non-singlet twist-2 operators, σ O 12 and σ O 44 , in sect. 3. The continuum limit values are then compared to the ones obtained using the SF, with which, as expected, we find agreement. Next, in sect. 4 we show the results of the determination of the renormalization factors of the pseudoscalar density, Z P , and the twist-2 operators, Z O 12 and Z O 44 , at hadronic matching scales and non-zero lattice spacing. For the latter, results are compared against values obtained using the standard formulation of the SF with two different regularizations, nonimproved Wilson and clover improved Wilson fermions. Eventually in sect. 5 we compute the running strange quark mass, using the values of Z P obtained from the χSF scheme and the tuned bare quark mass obtained using twisted mass Wilson fermions at maximal twist. We compare our findings with the strange quark mass obtained using standard SF as a renormalization scheme and non-perturbatively improved Wilson fermions. All these results are, therefore, a demonstration of the correctness of the continuum limit of the χSF renormalization scheme and, consequently, of its applicability in the determination of renormalization factors.
The analysis presented in this paper relies substantially on the results obtained in ref. [1] . We therefore assume from now on that the reader is familiar with that paper and the notation adopted there will be taken over without further notice. Additionally all the equations of ref. [1] will be denoted by the equation number prefixed by I as for example (I.5.10).
Step-scaling functions: pseudoscalar density
The SSF, σ O , of a scale-dependent observable, O(L), describes the behavior of O(L) under changes in the value of the renormalization scale, µ = 1/L, where L denotes the linear extent of the finite volume. The reason SSFs are good candidates to perform universality tests is that they are finite quantities that depend upon the renormalization scheme and the renormalization prescription employed. While at finite values of the cutoff, SSFs are regularization-dependent, after the removal of the cutoff they are independent of the regulator.
As a simple example of a SSF, we consider the normalization Z P of the pseudoscalar density. The evolution of Z P from a scale L to sL is described by the step-scaling function defined by
where the g 2 (L) is the renormalized coupling at the scale L. Since the running of the coupling is needed to compute the SSF of Z P , or more generally any operator, then the SSF of the gauge coupling itself is needed for the computation of any SSF. In this work, the quenched setup is chosen and the gauge action is the Wilson gauge action, so there is no need to recompute the renormalized gauge coupling and its corresponding SSF. These are already known from previous publications [5, 6, 20] for a very wide range of energies. If a different gauge action or dynamical fermions were included, the gauge coupling would need to be recomputed with the new formulation.
The previous discussion refers to the formal continuum theory. Using a hypercubic lattice with spacing a, the chosen renormalization condition for the pseudoscalar density in the χSF scheme is
In this expression, m = 0 indicates that the renormalization condition is imposed at zero quark mass. In our case, corresponding to Wilson fermions, this means at the critical value of the bare quark mass, m 0 = m cr , as determined from the tuning in ref. [1] . The factor c(θ, a/L) is chosen such that Z P takes the correct value at tree-level, Z P (0, L/a) = 1. Therefore it is defined as
3)
The two-point functions entering the definition of Z P have already been discussed in ref. [1] . They are
with P 1 denoting the pseudoscalar density and
See ref. [1] for the remaining details of eqs. (2.4,2.5). In order to determine the renormalization prescription completely, a value of θ has to be chosen. In particular, we consider here two cases, θ = (0.5, 0.5, 0.5) and θ = (1, 0, 0).
Given a fixed value of the renormalization scale, defined through g 2 (L) = u, and a fixed value of the lattice spacing, leading hence to a fixed value of L/a, the lattice SSF of the pseudoscalar density is given by
In the continuum limit, the SSF is finite and takes the value
From the definition of the SSF, eq. (2.6), it follows that in order to compute the SSF at a certain value of the renormalization scale, 1/L, the Z-factor needs to be evaluated at both L and sL at the same value of the lattice spacing. In this work we always use s = 2. This means that for a fixed value of a (equivalently β = 6/g 2 0 ), simulations have to be performed at a certain value of L/a and also at 2L/a. In such computations, the values of all parameters, e.g. κ cr and z c f , are the same at L and 2L for a fixed value of the lattice spacing since these parameters only depend on the bare coupling. This is important because it implies that the tuning of the parameters only needs to be performed on the smaller lattices.
We summarize the results for Z P in tab. A.1, at θ = (0.5, 0.5, 0.5) and θ = (1, 0, 0). Results at three different values of the renormalization scale are presented; the hadronic scale L = 1.436 r 0 , the intermediate scale g 2 = 2.4484 and the perturbative scale g 2 = 0.9944. The computation of the SSF is performed only at the intermediate and the perturbative scales. We use the results for Z P at the hadronic (matching) scale for the calculation of the renormalized strange quark mass as discussed in sect. 5. All results presented in the present and following sections have been obtained using the critical values of the parameters, κ cr and z c f , as determined from the tuning condition called (1*) in ref. [1] .
From the values in tab. A.1, we have computed the SSF for each lattice spacing at the intermediate and perturbative scales. The results are presented in tab. A.2 for θ = (0.5, 0.5, 0.5) and tab. A.3 for θ = (1, 0, 0). In tab. A.2 we also show the results obtained from the SF with improved and standard Wilson fermions [20] .
For both the χSF and the SF with clover improved Wilson fermions, we have performed the continuum limit with a linear fit of the SSF in (a/L) 2 , i.e. using a form
While a linear fit in a/L for the SF with standard Wilson fermions was used,
The results of our fits are summarized in tab. A.4 for θ = (0.5, 0.5, 0.5) and in tab. A.5 for θ = (1, 0, 0). In both tables we show the results at the two values of the renormalization scale that have been considered, g 2 = 2.4484 and g 2 = 0.9944. For comparison, in tab. A.4 we also present the continuum limit results for the SF with improved and standard Wilson fermions. We have performed our own fits of the values obtained from the SF, since in [20] there are no tables with the final continuum limit values, where we could read the data from.
A comparison of the SSF for the different lattice fermions is shown in fig. 1 . There we plot the results for Σ P (cf. tab. A.2) as a function of a/L for the three formulations. The corresponding continuum limit values are also shown (cf. tab. A.4). We can see that the slopes, i.e. the values of c 1 andc 1 in eqs. (2.8,2.9), are consistent with zero in each case. Furthermore the results of the three regularizations agree in the continuum limit at both values of the renormalization scale. Moreover, at non-zero lattice spacing the results for the three formulations agree at L/a = 16 for the intermediate scale and at L/a = 12, 16 for the perturbative scale.
In fig. 2 we show the extrapolation to the continuum limit of Σ P as determined from the χSF, now for both values of θ. The results are plotted as a function of (a/L) 2 and the corresponding values in the continuum limit, σ P , are also shown. The fitting curves are also plotted. Note that for the two values of θ employed in the definition of the renormalization prescription, the continuum limit values should not be compared. Different values of θ give rise to different renormalization prescriptions. Consequently, the results are not expected to agree in the continuum limit, even though the values appear quite similar.
A similar plot is shown in fig. 3 , where we compare the results of the extrapolation to the continuum limit for the χSF and the improved SF. Results are shown at the two values of the renormalization scale and for θ = (0.5, 0.5, 0.5). Since the same renormalization prescription is chosen in both formulations, the continuum limit values should now agree between the SF and the χSF. As seen in the plot, this is indeed the case. Note that the slopes for the two formulations have similar absolute values but opposite signs. This suggests that a constrained continuum limit extrapolation would reduce the uncertainty of the final results.
From the results presented here, we conclude that the continuum limit of the SSF of the pseudoscalar density determined from the χSF agrees with that obtained from the standard formulation of the SF, both with and without improvement. These results are therefore a successful test of the universality of the continuum limit. Moreover, the approach to the continuum limit is consistent with the expected leading O(a 2 ) discretization effects in the χSF formulation, indicating that the χSF is indeed compatible with bulk automatic O(a)-improvement.
3
Step-scaling functions: twist-2 operators
The previous discussion for the pseudoscalar density can be repeated for any other scaledependent observable. In particular, we now compute the SSF of two lattice realizations of the non-singlet twist-two operator whose hadronic matrix elements are related to the lowest non-trivial moment of the corresponding unpolarized structure function.
In Minkowski space the relevant twist-2 gauge-invariant composite operator is The symmetrization in the Lorentz indices, {. . .}, is required because we deal here with unpolarized scattering and the 'trace terms' (terms with g µ i µ j ) are needed in order to provide the composite field with a definite spin. The covariant derivative, ↔ Dµ , is defined as the combination Since we compute quantities within the χSF scheme and we work in the twisted basis, we give here the explicit expressions of the twist-2 operators in Euclidean space and in the twisted basis. These can be obtained from the corresponding expressions in the physical basis by applying the standard axial rotation eq. (I.2.2) in the continuum theory and then directly translating the fields and derivatives to the lattice. This results in
Depending on the flavor structure,
with abc the totally anti-symmetric tensor ( 123 = 1). In the particular case of maximal twist, α = π/2, this expression reduces to
These composite fields are scale-dependent quantities that need to be renormalized,
where O B is either bare operator from eq. (3.5) and Z O is the corresponding renormalization constant.
The corresponding SSF in the continuum
Using a lattice regulator, lattice artifacts must be taken into account and the renormalized operator is given as
Eventually, we will compute boundary to bulk correlation functions with the twist-2 operators inserted in the bulk of the lattice at some space-time point x. The boundary interpolating fields at x 0 = 0 that we consider here are, following [21] , expressed in the physical basis,
Performing a rotation to the twisted basis, with maximal twist angle, such boundary interpolating fields take the form
In particular, we consider two cases for the gamma matrices at the boundaries, γ k with k = 1, 2. The case k = 1 (k = 2) will be used when computing the correlation function of the operator O a 44 (O a 12 ). Finally, the correlation functions that we consider here are the following,
Note that we have chosen only the cases where the two flavor matrices, in the bulk and at the boundary, are the same and we have picked up only the component τ 1 . The reason for choosing both matrices to be the same is that, due to symmetries, this is the only combination for which the correlation function does not vanish. Amongst the three possibilites, τ 1,2,3 , each of them should lead to the same value in the continuum limit. However, due to our particular setup where flavor symmetry is broken at finite lattice spacing, there is a distinction between τ 1,2 and τ 3 . Choosing τ 3 would lead to simpler looking expressions, but the appearance of computationally demanding disconnected diagrams leads us to opt for τ 1, 2 . Since these two cases are exactly equivalent, we can select just τ 1 .
We now specify a renormalization prescription for the twist-2 operator within the χSF scheme. In particular we impose the renormalization condition
The factor c(θ, a/L) is chosen such that Z O takes the correct value at tree-level, Z O (0, L/a) = 1. Therefore it is defined as
In this expression, g 1 is the two-point function defined in eq. (2.5). The other two-point function, g O , is either g 12 or g 44 from eq. (3.10), corresponding to either O a 12 or O a 44 , respectively. In order to fix the renormalization prescription completely, a value of θ has to be chosen. In particular, we consider again the two cases θ = (0.5, 0.5, 0.5) and θ = (1, 0, 0). The reason for studying the case with θ = (1, 0, 0) is that this is the only choice with θ = 0 for which calculations with the standard SF have been performed [7] . This allows us to compare the continuum limit of the χSF. Although there are no SF computations available for the choice θ = (0.5, 0.5, 0.5), we have also analyzed this setup since this value of theta is the usual choice for calculations with the SF formulation. Moreover, this additional choice for the parameter θ allows us to examine the relative statistical uncertainties when changing the renormalization prescription through θ. All correlation functions are evaluated at x 0 = T /2, where T = L is the time extent of the lattice. The scale factor is always set to s = 2.
Given a fixed value of the renormalization scale, defined through g 2 (L) = u, and a fixed value of the lattice spacing a, leading to a fixed value of L/a, the lattice SSF of O, defined in the chiral limit, is given as
In the continuum limit the SSF is finite and takes the value
with O R (L) the renormalized operator at a given value of the physical scale 1/L computed in the χSF renormalization scheme.
We employ the definitions given above and the chosen renormalization prescription to determine the renormalization factors of the operators O These results are consistent with the pattern discussed previously in [7] within the standard SF setup, where it was shown that for |θ| 1 the relative statistical errors in Z O 12 and Z O 44 increase with decreasing |θ|. There it was also shown that the statistical errors in Z O 44 are slightly larger than those in Z O 12 , which is consistent with what we observe from our χSF calculation.
At the two most perturbative couplings, g 2 = 0.9944 and g 2 = 2.4484, we have determined the lattice SSFs for both operators. The values are provided in tab. A.8 for θ = (0.5, 0.5, 0.5) and in tab. A.9 for θ = (1, 0, 0). In tab. A.9, we have also added the values obtained for the lattice SSFs using the SF scheme with standard and nonperturbatively improved Wilson fermions. These values were taken from [7] , where results are available only at the intermediate coupling, g 2 = 2.4484.
To take the continuum limit we have performed fits to our results in tab. A.8 and tab. A.9, linear in (a/L) 2 for the χSF formulation and linear in a/L for the SF with both standard and improved Wilson fermions. The fits for the SF calculation are linear in a/L even for the formulation with improved fermions because, although the action is improved in this setup, the twist-2 operators themselves are not. This is actually the major advantage of the χSF as a non-perturbative renormalization scheme: it is not necessary in this setup to determine additional counterterms for the operators, since this formulation preserves bulk automatic O(a) improvement, up to boundary effects that are expected to be small. The results of these fits are presented in tab. A.10 and tab. A.11.
The results for the lattice SSFs from tabs. A.8 and A.9 are plotted in figs. 4-7, where we show the continuum limit approach of all SSFs that we have computed. In these figures we have also plotted the corresponding values of the SSFs in the continuum limit and the fitting curves for the χSF case, as given in tabs. A.10 and A.11.
In fig. 4 and fig. 5 we show the continuum limit approach of the SSFs of the operators O a 12
and O a 44 , respectively, within the χSF scheme. In each figure, we plot the results for both values of θ and the two scales where we have computed the SSFs. Results are presented as a function of (a/L) 2 , since only the χSF computation is considered. We conclude, from these figures and the corresponding tables, that the cutoff effects in the χSF SSFs are consistent with O(a 2 ) and are, in fact, small. We can also see that the discretization effects 2 . As explained earlier, we have performed the continuum extrapolation of the SF results in [7] . The results of each of these extrapolations can be found in tab. A.11. Additionally, the continuum limit extrapolations for θ = (0.5, 0.5, 0.5) are provided in tab. A.10 for the χSF formulation. There is good agreement, within the statistical uncertainties, between the χSF and the improved SF formulations in the continuum limit.
In summary, we conclude that there is agreement, within the statistical errors, in the continuum limit amongst the results from the three formulations. This is another check of the universality of the continuum limit, this time through the SSFs of a twist-2 operator. Additionally, we observe that the scaling behavior of the SSFs obtained from the χSF is consistent with leading O(a 2 ) discretization effects, which turn out to be rather small. 
Renormalization factors at hadronic scales
Having established that the χSF does indeed maintain automatic bulk O(a) improvement for several SSFs, we now discuss a physical application of these calculations. In this section, we determine the renormalization factor at the hadronic (matching) scale for the quark mass and for the twist-2 operators discussed in the previous section. Then in the next section, we apply this to the determination of the strange quark mass.
With Wilson twisted mass (Wtm) fermions, the bare vector Ward identity [22] is exactly satisfied if one uses a point-split vector current. This implies that Z µ = Z −1 P , where Z µ is the bare quark mass renormalization and Z P is the renormalization constant of the pseudoscalar density defined in eq. (2.2). In the following, we denote the RGI quark mass by M , the bare quark mass is µ q (g 0 ) and µ q (L) is the renormalized running quark mass at the value 1/L of the renormalization scale. The renormalized quark mass is given by The RGI quark mass can be related directly to the bare quark mass by
The renormalization factor Z M (g 0 ) is defined as the product of two terms as follows
The first term, M/µ q (L), is regularization independent but depends on the renormalization scheme as well as on the chosen matching scale 1/L. The second term, Z −1 P (g 0 , L), depends on both the renormalization scheme and the regulator. The dependence is such that the RGI Z-factor Z M (g 0 ) does not depend on the renormalization scheme but only on the regularization. All dependence on the matching scale has also disappeared.
In the discussion above, all equations correspond to the continuum theory. When the lattice is used as a regularization scheme, the correct relation is
with n = 1 in case of unimproved formulations and n = 2 if improvement is applied.
The regularization independent part of Z M (g 0 ), M/µ q (L), has already been determined in [6] . The value is known in the continuum theory and at the matching scale L = 1.436 r 0 . Once the continuum limit is performed, this factor is then universal, i.e. regulator independent and we can use it directly in our calculations without the need of a new computation since both the SF and the χSF are equivalent formulations in the continuum theory. The value obtained in [6] is
with a relative error of 1.3%, which is sufficient for our purposes.
This means that we are left with the computation of two quantities. One is the regularization dependent part of the total renormalization factor, Z −1 P (g 0 , L), which must be computed at the matching scale L of eq. (4.5) for several values of β and within the χSF scheme. The other quantity is the bare quark mass, µ q (g 0 ), which also has to be determined for a range of bare couplings and is discussed shortly in sect. 5.
The determination of Z P (g 0 , L/a) from the χSF, at a certain value of the renormalization scale and for several values of the lattice spacing, has already been explained in sect. 2 and the results are given in tab. A.1. Amongst the cases presented in tab. A.1, we can restrict our focus to the results corresponding to the matching scale, L = 1.436 r 0 and θ = (0.5, 0.5, 0.5). For this choice of the parameters, we have computed Z P (g 0 , L/a) at several values of the lattice spacing in the range 6.0 ≤ β ≤ 6.5, which we recall in tab. B.1.
With these results, we determine a smooth parameterization of the dependence of Z P on β for the range covered in our calculation. We use a polynomial fit to parameterize our results, 
with the coefficients presented in tab. B.2. The uncertainty of M/µ q (L) is independent of β and hence can be accounted for after the extrapolation to the continuum limit has been carried out.
From eq. (4.6) and eq. (4.7), it is now possible to compute Z P and Z M at any value of β within the range 6.0 ≤ β ≤ 6.5. This is the range of β where large volume calculations have been performed, namely β = 6.00, 6.10, 6.20, 6.45. For these computations, a number of bare quark masses were used, which we can use to determine the renormalized quark mass from our knowledge of Z P and Z M . The relevant values of Z P and Z M at the chosen values of β are summarized in tab. B.4.
As we just did for the pseudoscalar density, we now determine the RGI Z-factors of the operators O a 12 and O a 44 using the χSF formulation. These factors then relate the bare and the RGI matrix elements of the corresponding operator.
We first study the dependence of the Z-factors on β at the matching scale L = 1.436 r 0 and determine a curve describing this dependence. Performing a fit of the values for the Z-factors (found in tabs. A.6 and A.7) of the form,
we obtain the fitting coefficients z [23] . We show the Z-factors together with the fitting curves, at θ = (1, 0, 0) and for the three formulations, in figs. 8 and 9 for Z O 12 and Z O 44 , respectively.
As for the case of the pseudoscalar density, it is possible to determine the RGI renormalization constants for the twist-2 operators from the knowledge of Z REN (g 0 , L/a) at a given value of the renormalization scale, 1/L. For the twist-2 operators one defines, at the same value of the renormalization scale, the ultraviolet (UV) invariant SSF, σ
UV,REN INV,O (L).
This SSF is discussed thoroughly in ref. [24] , which we assume some familiarity with.
The UV invariant SSF of a certain operator is independent of the particular regularization but it depends on the renormalization scheme and the matching scale. In particular it is defined by
with O R (L) the renormalized operator at scale 1/L, defined in eq. (3.7), and the corresponding RGI operator O RGI . We note that the UV invariant SSF is analogous to the factor M/µ q (L) that we have used for the RGI quark mass.
The RGI renormalization factor is scale and scheme independent but it depends on the particular regularization. It relates any bare matrix element of the bare operator, O B (g 0 ), with the corresponding RGI matrix element and it is defined as follows,
In [7] , the value of the UV invariant SSF was given for the operators O In the determination of the RGI Z-factors, the uncertainty in the UV invariant SSF is not taken into account. This is a quantity in the continuum, and therefore its uncertainty is only considered at the end of all calculations, after the continuum limit has been performed. Its error is then added in quadrature to the final uncertainty in the continuum limit.
We smoothly parameterize Z the following functional form
(4.12)
The fitted coefficients can be found in tab. B.7.
Using the parameterizations in eqs. (4.8) and (4.12), both the Z-factors and the RGI Zfactors can be determined at any value of β within the range 6.0 ≤ β ≤ 6.5. In tab. B.8, we provide results for the particular values of β for which bare matrix elements have been evaluated in large volume calculations [25] . at θ = (1, 0, 0). We also give there the corresponding results for the SF formulation with improved and standard Wilson fermions. Note that these values should not be compared across the three formulations. They depend on the regularization. Only a comparison of renormalized matrix elements in the continuum limit would make sense.
Nevertheless, this calculation of the renormalization constants demonstrates that the χSF can indeed be used in pratice to non-perturbatively renormalize challenging operators, such as the twist-two operators considered in this work.
Strange quark mass
In this section we compute the RGI strange quark mass, M s , and the running strange quark mass in the MS-scheme at 2 GeV in quenched QCD. We use the χSF renormalization scheme with the setup discussed in the previous sections together with the bare quark masses from large volume calculations with twisted mass fermions at maximal twist.
The purpose of this computation is to perform another check of the χSF formulation. In practice, we compute the quantity r 0 (M s +M ), whereM = (M u + M d )/2 is the average light quark mass and r 0 is the Sommer parameter [26] . We then take the continuum limit. The resulting continuum limit value, obtained from the χSF, is compared to that obtained from the standard SF with improved Wilson fermions [27] . We find that the two results agree, which is another check of universality in the continuum limit.
Moreover, r 0 (M s +M ) is expected to scale towards the continuum limit with leading O(a 2 ) discretization errors, up to possible boundary effects. In fact, we will show that the scaling behavior is consistent with leading O(a 2 ) discretization effects. This represents another test of bulk automatic O(a) improvement and, moreover, it provides another indirect indication that the boundary effects coming from d s (see ref. [1] ) are negligible, even at the large values of g 0 considered in this section.
To determine the strange quark mass, we follow the strategy of ref. [27] and determine a reference bare quark mass µ ref defined by 2µ ref = µ s +μ, whereμ = (µ u + µ d )/2. The reference quark mass is then chosen such that the physical value of the kaon meson mass is reproduced.
To start, we determine the bare reference quark mass in lattice units, aµ ref (g 0 ), using the results of the large volume calculations in [28] . The pseudoscalar mass, m PS , was computed there in lattice units using twisted mass Wilson fermions at maximal twist. We focus on the values of β in [28] that overlap with the range covered in this work 6.0 ≤ β ≤ 6.5.
The pseudoscalar mass range covered by these data set is 270 MeV < m PS < 1180 MeV. Within this range, we may interpolate in the bare quark mass aµ q at the experimental value of the kaon mass, m K . At each value of β, we perform a quadratic interpolation in the bare quark mass. We have cross checked that a linear interpolation with the 3 data points closest to the interpolation point gives consistent results. The lattice spacing in physical units is obtained using the β dependence of r 0 /a from ref. [29] 
fig. 10.
We plot the results for r 0 (M s +M ) obtained using the two methods for determining κ cr in ref. [28] . The subtleties related to these 2 different choices are discussed in ref. [30] and refs. therein. For this work, these two definitions simply correspond to two slighlty different discretizations of the twisted mass action inducing slightly different O(a 2 ) cutoff effects in the physical quantities.
In fig. 10 we also show a continuum extrapolation, linear in (a/r 0 ) 2 , and the resulting continuum limit values. The results obtained from the SF with improved Wilson fermions [27] are also plotted for comparison. The final values in the continuum limit are given in The errors include the uncertainty of M/µ q (L) added in quadrature. These values are consistent with that obtained in [27] 
As can be seen from these results and those in fig. 10 , the SF values have relative errors that are about two times smaller than those obtained in our calculation using the χSF. This difference is due to the size of the statistical uncertainties in the bare pseudoscalar masses obtained from the corresponding large volume calculations and not due to an inherit difference in the accuracies that can be obtained with χSF or SF computations.
Our χSF values rely on the results of [28] whereas the SF values use those in [27] , which are about twice as accurate as the values in [28] . This accounts for the larger uncertainty of the χSF results for the strange quark mass.
We can conclude that the values of the RGI reference quark mass, and therefore the RGI strange quark mass itself, determined using the SF and the χSF agree in the continuum limit. This is another test of the universality, this time at a rather large value of the physical volume. In particular, these results demonstrate that the χSF, like the SF, could also be a valuable tool for the computation of the renoramalized quark masses.
Even if not necessary for testing universality, we compute, for completeness, the values of both the RGI strange quark mass in physical units and the running strange quark mass in the MS-scheme. As discussed in [27] , chiral perturbation theory allows for a precise determination of ratios of the masses of the three lightest quarks [31, 32, 33] . Such determinations lead to The value of the RGI strange quark mass can be now given in physical units, Using the conversion factor between the RGI mass and the running mass in the MSscheme, the running strange quark mass in the MS-scheme can be determined. At a value of the energy scale of 2 GeV and up to 4 loops, the flavor-independent conversion factor is [27] m MS (2 GeV)/M = 0.72076 . where we quote as our best result the strange quark mass obtained from the PCAC definition of κ cr .
Conclusions
Presently to renormalize Wilson twisted mass fermions preserving the property of automatic O(a) improvement, infinite volume renormalization schemes such as the RI-MOM [34, 35] or the X-space schemes [36, 37] are used. However, only finite volume schemes such as the SF [2, 38] and the χSF [15] solve the problem of covering a large range of scales. Furthermore, the χSF scheme, when used to renormalize bare matrix elements computed with maximally twisted mass fermions, is also compatible with automatic O(a) improvement.
In this work we have made a detailed study of several applications of the χSF scheme, with quenched Wilson fermions. Using our results for the non-perturbative tuning of the χSF [1] , we have performed a number of scaling studies of the χSF. We have analyzed step-scaling functions of the pseudoscalar density and of two discretizations of a twist-2 operator at a perturbative and an intermediate value of the renormalized coupling.
All our results agree in the continuum limit with those obtained from the standard SF scheme. Additionally, our results are consistent with scaling violations of only O(a 2 ), thus demonstrating the bulk O(a) improvement of the χSF scheme.
We remark that for the twist-2 operators this is an important result because to improve such operators in the standard SF scheme would require a non-perturbative computation of additional improvement coefficients. The automatic O(a) improvement found here with the example of the twist-2 operators can be taken over to other observables. It demonstrates that automatic O(a) improvement is at work and that with the χSF scheme, in combination with maximally twisted mass fermions, the somewhat demanding computation of operator specific improvement coefficients can be avoided.
Additionally, we have computed the continuum limit of the renormalized strange quark mass within the χSF scheme. In this case, as well, the result in the continuum limit is consistent with previous results obtained with non-perturbatively improved Wilson fermions and the standard SF scheme, thus demonstrating that the χSF scheme works as well as the standard SF scheme even for the more commonly computed quantities, such as the running of the quark masses.
Therefore, we believe that the χSF scheme is both a practical and theoretically well defined framework that can be used as a non-perturbative renormalization scheme for large volume calculations of bare operators.
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